This paper studies the stability properties of a class of nonlinear controls derived via feedback linearization techniques for a structurally nonlinear prototypical wing section. In the case in which the wing section has a single trailing edge control surface, the stability of partial feedback linearization to achieve plunge primary control is studied. It is shown that the zero dynamics in this case associated with the closed loop system response is locally asymptotically stable for a range of ow speeds and elastic axis locations. However, there exist locations of the elastic axis and speeds of the ow for which this simple feedback strategy exhibits a wide range of bifurcation phenomena. Both Hopf and pitchfolk bifurcations evolve parametrically in terms of the ow speed and elastic axis location. In the case in which the wing section has two control surfaces, the global stability of adaptive control techniques derived from full feedback linearization is studied. In comparison to partial or full feedback linearization techniques, the adaptive control strategies presented do not require explicit knowledge of the form of the structural nonlinearity.
Introduction
While the underlying physics of aeroelastic phenomena have been studied for decades, particular emphasis in the past few years among some researchers has been placed on the role of nonlinearity in aeroelastic instabilities. For the most part, these studies have focussed on the qualitative nonlinear behavior of open loop or uncontrolled aeroelastic system. Notable examples of research that is representative of this class include the work of Tang and Dowell 23 examining freeplay nonlinearities in prototypical sections, and the study of nonlinear panel utter models in Namichiraya . Some research has appeared that investigates adaptive control of nonlinear models of utter, as in 21 . Still, it is accurate to say that there currently is a lack of stability analyses for the closed loop dynamics of aeroelastic systems. This paper continues the discussion of the approach taken in 11 wherein partial and full feedback linearization of simple class of nonlinear aeroelastic systems is studied. In contrast to 11 , where the focus was to employ Lie algebraic methods to derive feedback controllers, this paper studies the parametric stability and bifurcation structure of the resulting closed loop dynamical systems. One primary conclusion of this paper is that plunge primary control, derived via partial feedback linearization techniques, exhibits a wide range of bifurcation phenomena for di erent ow regimes and elastic axis locations. A second conclusion of the paper is that adaptive control methods based on full feedback linearization exhibit global stability.
Equations of motion
Following the strategy employed in 11 , we seek to employ the most simple representation of the aeroelastic system as possible, while retaining su cient terms to account for the well-documented nonlinear response observed in low speed wind tunnel experimentssee 20 . Hence, the governing equations of motion for the aeroelastic system under consideration are taken as m mx b
where h represents plunge motion and is pitch angle. In the above equations m is the mass of the wing and I is the mass moment of inertia about the elastic axis. The location of elastic axis can be varied in the experimental structure we are modelling, and
x is the nondimensionalized distance between elastic axis and center of mass. The constant k h is the spring constant for the plunging motion and k is the nonlinear spring sti ness associated with the pitching motion. In this paper, as a special class of nonlinear sti ness, we assume that the spring force, where is the density of air, U is the free stream velocity, c l ; c m are lift and moment coe cients per angle of attack, c l ; c m are lift and moment coecient per control surface de ection, and a is nondimensional distance from the midchord to the elastic axis. We will also study prototypical wing sections with two control surfaces. For example, we consider the case in which both control surfaces are located on the trailing edge, as depicted in Figrure 3. We assume then that the ratio of control surface separation to span is large, and limit considerations to small angle of attack and control surface de ections. When there exist two control surfaces along the trailing edge as shown in Figure 3 , the quasi-steady aerodynamic force and moment will be represented as follows: It is important to note that the sole source of nonlinearity in these equations arises in the polynomial nonlinearity k . In addition, equations 6 are nearly identical in form to the equations of motion for a prototypical wing section with a leading edge and trailing edge control surfacessee 12 . The stability analysis that follows applies to the leading trailing edge con guration presented in 12 with little modi cation.
3 Stability analysis of plunge primary control Among the numerous methodologies 22 , it has been shown in 11 that partial feedback linearization 9 techniques can be employed in the case in which there is a single trailing edge control surface. If the nonlinear partial feedback linearization is constructed so as to explicitly control the pitch degrees of freedom, the zero dynamics of the closed loop system is linear. In this case, a fairly complete understanding of the stability regions for the controller as a function of the elastic axis location a and ow speed U can be derived. The interesting reader is referred to 11 for details. On the other hand, if a nonlinear partial feedback linearization technique is employed to explicitly control the plunge degree of freedom, the question of closed loop stability is considerably more di cult.
The plunge primary control derived in 11 is achieved by rst introducing the change of variables , c 4
As mentioned in 11 , a su cient condition for the local asymptotic stability of the closed loop system is that the internal, or zero dynamics spaceobtained by setting 1 = 2 = 0 is asymptotically stable. 
Center manifold analysis
Consider a path in parameter space along the contour connecting P and Q in Figure 6 . Along this path we h a ve The reader should carefully note that the nonlinear sti ness terms associated with the pitch angle have been isolated in the term Wx q. Also, the stiness and damping terms are divided into constant terms, and terms dependent on the ow v elocity.
We assume that the coe cients q of the polynomial nonlinearity are unknown. We can derive an adaptive controller for this system that is stable, We conclude that _ V is negative semi-de nite since it does not have a n y terms dependent on x and q.
Although the semi-de niteness generally does not guarantee the asymptotic convergence of trajectories to the equilibrium points, we can use the invariant set theorem by La Salle to prove that the closed loop system is attracted to a small set". For the initial condition h = 0 :01m; = 0 :1rad and ow v elocity U = 3 0 m=s, the uncontrolled response of the aeroelastic system is shown in Figure 7 . Clearly the response exhibits limit cycle oscillations as noted by several authors. With the controller derived in this section, the closed loop system is shown in Figure 8 . Observe that the response converges to the origin very quickly. The corresponding history of control inputs are shown in Figure 9 .
Conclusion
This paper has shown that a class of nonlinear feedback control methods derived from partial feedback linearization techniques are locally asymptotically stable for some ow regimes and elastic axis locations. However, a wide variety of bifurcation structures, including Andropov-Hopf bifurcations are evident in the closed loop system dynamics for some choices of external ow speed and elastic axis locations. It is shown, in fact, that the linearized Jacobian of the zero dynamics reduces to a versal deformation of a matrix with double-zero eigenvalues. For systems having two control surfaces, it has also been shown that stable adaptive control methods can be derived. The stability analysis in this case relies on a semi-de nitive Lyapunov function. The class of adaptive methods is attractive in that they do not require explicit knowledge of the structure of the inherent pitch axis nonlinearity. Table 2 : Stability i n P arameter Spacesee Figure 5 A One stable eq. pt. B One unstable eq. pt., Limit cycle oscillation C One unstable eq. pt. and two stable eq. pts. D Three unstable eq. pt. 
